A study of the mechanical behaviour of laminated composite adhesive joints is presented in this paper. The study consists of both numerical simulations and experimental tests. It concentrates on single lap-shear joints made of carbon-epoxy laminated composites and an epoxy adhesive. The main objective is to verify the adequacy of cohesive damage models for the strength prediction of bonded joints. These models are attractive in modelling fracture problems since they do not require the definition of an initial crack and they model damage propagation without any user intervention. A mixed-mode cohesive damage model is used to simulate damage onset and growth in the adhesive layer. The model is an extension of pure mode (I and II) trapezoidal cohesive damage models. The trapezoidal shape in the constitutive law is more valid when ductile adhesives are used. The mixed-mode model requires a complete characterization of the cohesive parameters in pure modes, determined with an inverse method. Tensile tests are performed for joints with different overlap lengths. It is shown that the numerical simulations represent with a reasonable accuracy the mechanical behaviour of the joints tested.
Introduction
The use of adhesive joints in structural applications has been increasing in recent years. Adhesive joints present several attractive characteristics and offer several advantages when compared to other widely used joining methods such as mechanically fastened joints. Some of the advantages are fewer sources of stress concentrations, more uniform load distribution and better fatigue properties. These advantages are especially important when joining laminated composite materials due to the problems associated with mechanical fastening of these materials. Adhesive joints are also well suited for joining different materials and they provide higher flexibility regarding the types of materials that can be joined in a structure. The advantages of bonded joints can only be realized by proper design and thus there is a need for the development of models that can accurately describe the behaviour of these joints. Cohesive damage models have been recently used in several contexts including adhesive joints. They are quite interesting for modelling structures such as adhesive joints since they can simulate onset and non-self-similar growth of damage. Contrary to fracture mechanics-based methods, cohesive damage models do not require the definition of an initial crack. Furthermore, they are not mesh sensitive in the presence of stress singularities as it is the case for stress-based methods. The main ingredient of cohesive damage models is a traction-separation law that relates stresses at points where damage can or is occurring and relative displacements between homologous points on the surfaces that the growth of damage creates. The need to identify in advance the regions where damage is prone to occur is one of the limitations of cohesive damage models. This is especially true if one is interested in modelling a relatively complex structure where it is not easy to identify these regions a priori.
In the context of adhesive joints, several studies using cohesive damage models have been published. Gonçalves et al. [1] applied a mixed-mode damage model for predicting the strength of single-lap joints made of aluminium adherends and an epoxy adhesive. A triangular traction-separation law was used. For the three overlap lengths considered, the comparison between the experimental and numerical load-displacement curves showed a good agreement when the plastic behaviour of the materials was included in the analysis. Blackman et al. [2] used a cohesive zone model (CZM) approach including two parameters, the critical strain energy release rate (G c ) and the local strength (σ max ), to study the fracture of adhesively bonded joints. A polynomial traction-separation law was considered. The authors' main objective was to investigate the physical significance of σ max . They performed peel tests under mode I loading on Tapered Double Cantilever Beam (TDCB) specimens and compared the results with those obtained from their numerical analyses. They concluded that the specimen compliance and G c depend on the value of σ max and that these dependences become insignificant for relatively high values of σ max . A similar study was conducted by Liljedahl et al. [3] who also used a CZM with two parameters to investigate the influence of σ max on the failure load of several adhesive joints. They concluded that for a given value of G c , there was a region of σ max values where the failure load of the joints was mainly determined by G c . Yang et al. [4] used an embedded-process-zone (EPZ) model to study the coupling between interface fracture and plastic strain of the adherends. The authors considered a trapezoidal shape traction-separation law to model the adhesive. They reported good quantitative predictions of the behaviour of adhesively bonded alu-
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minium joints subjected to T-peel tests. A similar traction-separation law was used by the same authors [5] to model mode II crack growth of End-Notched Flexure (ENF) specimens under three-point bending load. The tests included extensive plastic deformation accompanying failure. The parameters of the traction-separation law were determined by comparing numerical and experimental results for a particular geometry. Those parameters were then used to model the fracture of other ENF specimens with different geometries and good agreement was obtained between the experimental results and the corresponding numerical predictions. The mode I and mode II fracture parameters obtained in [4, 5] were used by Yang and Thouless [6] in a mode-dependent EPZ model to simulate mixed-mode fracture of plastically deforming bonded joints. The model combines the mode I and mode II fracture laws with a mixed-mode linear toughness based criterion and was used to predict the fracture of plastically deforming asymmetrical T-peel and single lapshear joints made of an aluminium alloy and a commercial adhesive. Comparisons with experimental results showed that the model produced reasonably good predictions. The model developed in [6] was used by Kafkalidis and Thouless [7] for further tests on lap-shear joints made of the same aluminium alloy and commercial adhesive. The dependence of lap-shear strength on overlap length was investigated. The numerical and experimental results were compared and fairly accurate predictions were obtained. In the same work, experiments and simulations were done using asymmetrical single lap-shear joints and good agreement was obtained between the numerical predictions and the experimental observations. Li et al. [8] used an approach similar to the one used in [6] to model the mixed-mode fracture of adhesively bonded single-lap joints made of a fibre-reinforced polymer/matrix composite and the same commercial adhesive. Three-and two-parameter damage laws were used for mode I and for mode II, respectively. The three-parameter mode I traction-separation law was used in order to simulate interfacial cracking followed by fibre pull-out which had been experimentally observed for mode I fracture. A two-parameter trapezoidal traction-separation law was used to simulate the behaviour of the adhesive layer in mode II since mode II tests indicated that only few fibres were pulled out during mode II fracture. Comparison of the experimental and numerical curves revealed that the model is reasonably valid at predicting both the strengths of the joints and the failure mechanisms.
In this work, a mixed-mode cohesive damage model is presented and it is used to simulate the behaviour of laminated composite single lap-shear adhesive joints. Although this model was previously developed [9, 10] , it has never been used to predict the behaviour of single lap-shear adhesive joints with ductile adhesives. Tensile tests on joints with different overlap lengths are performed and numerical predictions based on the use of the cohesive damage model are obtained. Comparisons between the experimental and numerical maximum loads representing the strength of the joints show a reasonably good agreement.
Cohesive Mixed-Mode Damage Model
Damage propagation in single lap-shear adhesive joints occurs under mixed-mode loading (modes I and II). In order to correctly capture this behaviour, a cohesive mixed mode (I + II) damage model for simulating damage initiation and growth is used in this work. This model was previously developed and implemented within interface finite elements [9, 10] in the ABAQUS ® software (Dassault Systèmes, Suresnes, France). The interface finite elements have zero thickness and are used to simulate the behaviour of the thin adhesive layer in a bonded joint.
The cohesive mixed-mode damage model is based on a trapezoidal softening law, which relates stresses (σ ) and relative displacements (δ r ) between homologous points of the interface elements (see Fig. 1 ). This law is more complicated than a triangular one since it requires the determination of one additional parameter. However, the trapezoidal law is more valid than the triangular one when ductile adhesives are used. This conclusion was also reached by other authors who demonstrated that trapezoidal softening laws could be successfully used in modelling the behaviour of thin ductile adhesive layers in mode I [11] and mode II [12] . In Fig. 1 , the largest trapezoid represents the pure-mode softening laws. These are determined from an inverse method applied to experimental tests on Double Cantilever Beam (DCB) and End-Notched Flexure (ENF) specimens as described in the following section. For these pure-mode trapezoidal laws, damage initiates when the relative displacement exceeds δ 1,i . From this point up to final failure (δ u,i ) a progressive softening is simulated in order to account for the different failure processes occurring in the vicinity of the crack tip.
The mixed-mode softening law is defined from the pure-mode softening laws (largest trapezoid in Fig. 1 ). A mixed-mode ratio, β, and an equivalent mixed-mode 
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relative displacement, δ m , can be defined as
Given the pure mode softening laws and a certain value of β, one can determine the smallest trapezoidal law in Fig. 1 for each mode, which uniquely defines the mixed-mode softening law. Before damage onset, the constitutive relationship for the mixed-mode damage law is given by
where E is a diagonal matrix containing the interface stiffnesses e I and e II defined as the ratio between the elastic moduli of the material in tension (E) and shear (G), respectively, and the adhesive thickness t. The softening relationship is written as
where I is the identity matrix and D is a diagonal matrix containing the damage parameter, d. The damage parameter ranges from zero (undamaged) to one (complete failure). In the plateau region the damage parameter can be defined as
and, in the third part of the curve,
For the mixed-mode damage model, damage initiation is predicted using a quadratic stress criterion
where σ i (i = I, II) represent the stresses in each mode. It is assumed that normal compressive stresses do not induce damage. Considering equation (2), the first equation (6) can be rewritten as
where δ 1m,i (i = I, II) are the relative displacements in each mode corresponding to damage initiation in mixed-mode and δ 1,i (i = I, II) are the relative displacements in each mode corresponding to damage initiation in the pure-modes (see Fig. 1 ). Stress softening onset represented by δ 2m,i (i = I, II) is predicted using a relationship between current mixed-mode and critical relative displacements, similar to the one considered for the damage initiation point (equation (7)),
where δ 2m,i (i = I, II) are the relative displacements in each mode corresponding to softening onset. Crack growth is simulated by the linear fracture energetic criterion
When equation (9) is satisfied, damage growth occurs and stresses are completely released, with the exception of normal compressive ones. The energy released in each mode at complete failure can be obtained from the area of the smaller trapezoid of Fig. 1 . Using the above criteria (equations (7)- (9)) with equations (1), one can determine the values of δ 1m , δ 2m and δ um and afterwards compute the damage parameters through equations (4) and (5). The damage parameter is then introduced into equation (3), which completes the definition of the mixed-mode damage softening law. A detailed description of the cohesive mixed-mode damage model is given in [9, 10] .
Evaluation of Cohesive Parameters for Pure-Mode Trapezoidal Laws
The cohesive parameters for the pure-modes I and II were evaluated in previous studies [13, 14] using an inverse method and the results of fracture tests on DCB and ENF specimens, respectively. The method used consists of three main steps. In the first step, mode I (DCB) and II (ENF) fracture tests are conducted (see Fig. 2 ). The experimental load-displacement curves obtained in these tests are used together with the Compliance Beam Based Method (CBBM) to derive resistance curves (R-curves).
In the second step, finite element models of the DCB and ENF fracture tests are developed using solid and interface finite elements. The cohesive trapezoidal laws are used within the interface finite elements to simulate the onset and growth of damage. The fracture energies, which correspond to the plateau values of the R-curves, obtained in the first step, are entered as input parameters in the numerical simulations.
The third step consists of comparing the experimental and numerical loaddisplacement curves and repeating the finite element analysis by adjusting the cohesive parameters until a good agreement is obtained.
The cohesive trapezoidal laws obtained with the above approach are specific for a given combination of adherend and adhesive used as well as the adhesive thickness used. The same materials and adhesive thickness were used in the study of the lap-shear adhesive joints. The adherends consisted of unidirectional 0 • lay-ups of carbon/epoxy prepreg (Texipreg HS 160 RM from SEAL ® , Legnano, Italy) with 16 plies with a thickness of 0.15 mm, whose lamina mechanical properties are presented in Table 1 [15] . Curing was achieved in a press for one hour at 130 • C and 4 bar pressure. A ductile epoxy adhesive (Araldite ® 2015 from Huntsman, Basel, Switzerland) was used, whose elastic properties were measured experimentally in bulk tests (Young's modulus E = 1850 MPa, Poisson's ratio ν = 0.3) [16] . A constant adhesive thickness of 0.2 mm was maintained during the preparation of the specimens. Five specimens were tested for each mode. The resulting values of the parameters defining the cohesive trapezoidal laws obtained for modes I and II are given in Tables 2 and 3 , respectively. Figures 3 and 4 contain representations of the trapezoidal laws corresponding to the average values of the parameters as well as the ranges for these parameters. Note that for mode I the cohesive trapezoidal laws with the minimum and maximum values of the cohesive parameters correspond to specimens 4 and 5, respectively (see Table 2 ). For mode II, there is no cohesive trapezoidal law that contains all minimum or all maximum values of the cohesive parameters (see Table 3 ). 
Single Lap-Shear Adhesive Joints
Single lap-shear adhesive joints were used to test the applicability of the model described above. Tensile tests were performed on single lap-shear joints made of the same carbon/epoxy adherends and ductile epoxy adhesive used in the DCB and ENF tests. Also, the same adherends and adhesive thicknesses of 2.5 mm and 0.2 mm, respectively, were used (see Fig. 5 ). Specimens with eight different overlap lengths (L = 10, 20, 30, 40, 50, 60, 70 and 80 mm) were tested. The initial distance between grips was kept constant at 240 mm and the specimens' width was 15 mm. For each overlap length, five specimens were tested. The tests were conducted under an applied displacement and throughout each test both the load and the displacement were recorded. Figure 6 shows the deformed shape of a lap-shear joint with overlap length of 40 mm being tested. For all specimens, a cohesive failure (in the Two-dimensional finite element numerical simulations were preformed for all overlap lengths. A two-dimensional analysis was chosen due to its simplicity and the fact that symmetrical crack growth relative to a longitudinal plane through the middle of the joint had been observed from numerical simulations [1] . In all cases, a geometrically nonlinear analysis was considered. Plane strain two-dimensional eight node solid finite elements were used to model the adherends. Each adherend was modelled with 772 solid finite elements and the mesh was refined in the overlap region. Interface finite elements, which included the mixed-mode damage model, were used to model the adhesive behaviour. The cohesive properties presented in the previous section were used. For each overlap length, several simulations were performed for different combinations of mode I and mode II cohesive parameters. For mode I, the cohesive trapezoidal laws with the minimum and maximum cohesive parameters (corresponding to specimens 4 and 5 in Table 2 ) were used. For mode II, all the five trapezoidal laws obtained were used since none of them contained all the minimum or maximum values of the cohesive parameters. The combination of the mode I and mode II laws resulted in ten finite element analyses for each overlap length. Figure 7 illustrates the deformation during the finite element simulation of the model of a lap-shear joint with overlap length of 40 mm. The averages and standard deviations of the maximum loads obtained in the experimental tests and in the numerical simulations for all overlap lengths are presented in Table 4 . The relative error between the numerical and experimental average maximum load values is also given in the same table. The ranges of maximum loads for all overlap lengths are plotted in the graph of Fig. 8 . The numerically predicted loads are quite accurate for overlap lengths ranging from 40 to 70 mm. The accuracy is still reasonable for the overlap lengths of 30 and 80 mm and it is worse for the smaller overlap lengths (10 and 20 mm) where the numerically predicted maximum load is overestimated. The reasons for the discrepancies have not been identified and should be investigated in more detail in future studies. However, it is interesting to note that Kafkalidis and Thouless [7] have also obtained relative differences close to 30% between the experimental and numerical average maximum loads for overlap lengths in the range of 10 to 20 mm. Although their study is not directly comparable to this one since they used lap-shear joints with aluminium adherends, it might indicate that the behaviour observed is possibly replicable for different kinds of single lap-shear adhesive joints. Kafkalidis and Thouless hypothesize that the errors might be due to slight misalignments of the grips during testing which were not incorporated in the numerical study. Possible misalignments of the grips in the experimental tests of this study have not been included in the numerical model either. Figure 9 shows the load-displacement curves for the specimens with 50 mm overlap length. The five experimental curves are included as well as the minimum and maximum numerical curves. The experimental and numerical curves are in reasonable agreement.
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One advantage of cohesive damage models is the capability to model the evolution of the fracture process zone (FPZ) and crack growth. This is illustrated in Fig. 10 where the two curves represent the length of the FPZ, starting from one end of the overlap, as a function of the applied displacement for two single lapshear joints with overlap lengths of 10 and 80 mm. These two overlap lengths were chosen for the plot since they were the minimum and maximum overlap lengths of the joints studied. Both curves finish at the displacement corresponding to the maximum load. In Fig. 10 the instant when crack growth starts is also indicated and the value of crack length at the maximum load for the joint with overlap length of 80 mm. No crack growth is indicated for the joint with overlap length of 10 mm, since no crack initiated before the maximum load was attained. Note that for this joint, the FPZ increases until it covers the whole overlap length. The graph shows only a FPZ of 5 mm but a FPZ of the same size has grown from the other side of the overlap region, thus covering the whole overlap length.
Although not shown in Fig. 10 , for all the single lap-shear joints with overlap lengths of 20 mm or higher, crack growth initiated at both sides of the overlap before the maximum load was reached. In particular, for the joint with overlap length of 20 mm, a short crack length (0.16 mm) occurs at both sides of the overlap for the peak load. The remaining overlap is under softening, thus simulating the FPZ. From this observation, it can be concluded that, for overlaps longer than 20 mm, the effect of damage progression will acquire an increasing importance and should not be neglected in the strength predictions.
Mode mix variation as a function of damage development can be determined from the finite element analyses. Figure 11 shows the evolution of the mode mix as a function of damage progression for the case of a joint with an overlap length of 80 mm. The mode mix is represented by β −1 which is the ratio between local mode I and mode II relative displacements at the crack plane (see equation (1)). Each curve represents the mode mix along the overlap starting from the beginning of the FPZ. It was observed in the numerical simulations that for FPZ equal to 0 or 5.12 mm there was no clear crack. For FPZ equal to 9.92 mm the crack starts to grow and when FPZ reaches 10.24 mm the crack length is 1.6 mm. Figure 11 shows that as the damage develops, mode I becomes increasingly important. In fact, for a given distance from the crack tip, β −1 increases with damage development. This means that loading conditions change during damage growth which reinforces the need for using progressive damage models as a tool to predict the strength of bonded joints. It can also be seen in Fig. 11 that once a crack starts to grow the mode mix remains approximately constant as would be expected from self-similar crack growth.
Summary and Conclusions
A cohesive mixed-mode damage model was presented and used to model the mechanical behaviour of single lap-shear adhesive joints. The cohesive mixed-mode damage model is an extension of trapezoidal pure mode (I and II) damage models and uses the cohesive parameters determined for the pure mode cases. The cohesive properties for pure modes were determined in previous studies and applied in this study without modification.
A study of the behaviour of single lap-shear adhesive joints with different overlap lengths was performed. Joints made of laminated composites and an epoxy adhesive were tested and the results were compared with finite element analyses. The behaviour of the adhesive was simulated through interface finite elements, which included the mixed-mode damage model. In general, a reasonable good agreement was obtained between the maximum loads predicted by the numerical model and those obtained during testing, which validates the proposed methodology.
Additional analyses were also performed in order to understand how damage developed during loading for the several overlaps. It was concluded that for overlaps equal to or longer than 20 mm, crack growth occurs before peak load which demonstrates that a progressive damage analysis should be considered in the strength prediction of these joints. Moreover, it was also observed that mode mix varies during FPZ development and remains approximately constant after crack onset takes place. This means that loading conditions change during the FPZ development which is a transient but longer stage in ductile adhesives. Once again this statement reinforces the requirement of damage progressive analysis for longer overlaps when ductile adhesives are considered. The constant mode mix during crack growth is justified by self-similar crack growth.
